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Abstract. Modelling sediment transport is important to understand how fluvial systems respond to climatic
change or other transient conditions such as catastrophic sediment release. In natural rivers, heterogeneity of
sediment properties and variability of the flow regime result in different modes of transport that all contribute to
the total sediment load. Le Minor et al. (2022) presented a sediment transport law for rivers that extends from
bed load to suspended load while being relevant for a wide range of grain sizes but not specifically addressing
the case of a distribution of grain sizes, which must also consider the interactions between grain classes that are
mainly important during the sediment erosion phase. If these interactions are not properly considered, the model
overestimates transport rates compared to measured ones. We present a new formalism for the reference shear
stress of multiple-size sediments, a parameter governing the onset of transport. We show that using a reference
shear stress standardized across datasets improves transport rate predictions made with the model of Le Minor
et al. (2022). We show that considering the bed roughness length as a reference transport height for single- and
multiple-size sediments significantly improves transport rate predictions. We also suggest that, for multiple-size
sediments where the bed surface is not fully mobile, the entrainment coefficient should include a dependency on
the fraction of mobile grain sizes at the bed surface, although data are insufficient to add this effect in a definite
parameterization. Therefore, a standardized reference shear stress and a transport length adjusted with a common
reference height across all sizes appear to be two critical ingredients of a fully functional multi-grain-size total
sediment load model based on the disequilibrium length. This adjusted model offers the potential to quantify
grain-size-specific sediment fluxes when different modes of transport may be observed simultaneously, paving
the way for more informed numerical modelling of fluvial morphodynamics and sediment transfers.

1 Introduction

Transport over riverbeds made from sediment composed of
heterogeneous grain sizes is complex due to concomitant
bed load and suspended load transport. Capturing grain-size-
specific transport modes simultaneously is relevant for a va-
riety of phenomena such as the total load partitioning un-
der a wide range of water discharge (Turowski et al., 2010),

sorting patterns at the bed surface, e.g. armouring and down-
stream fining (Paola et al., 1992; Powell, 1998; Viparelli et
al., 2017), and gravel–sand transitions (Blom et al., 2017;
Dingle and Venditti, 2023; Venditti and Church, 2014). These
phenomena and being able to model them accurately are im-
portant when investigating fluvial system response to cli-
matic change or other transient conditions, such as the re-
sponse to catastrophic sediment delivery from landsliding
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(De Haas et al., 2015; Tunnicliffe et al., 2024). A universal
total sediment transport load model suitable for extremely
wide grain size distributions and hydraulic conditions would
help to better understand the controls on sediment dynamics
from mountain slopes to river valleys and fluvial plains.

To predict fractional transport rates of mixed-size sedi-
ments, i.e. for each grain size, it is important to account
for grain size heterogeneity and grain size interactions, such
as hiding-exposure effects that make the entrainment of fine
fractions harder (increased threshold of motion) and the en-
trainment of coarse fractions easier (lowered threshold of
motion). Although sediment transport has been studied at
grain scale and reach scale (e.g. Charru et al., 2004; En-
gelund and Hansen, 1967; Houssais and Lajeunesse, 2012;
Lajeunesse et al., 2010; Meyer-Peter and Müller, 1948; van
Rijn, 1984a, b), there has been, to our knowledge, only a few
attempts at a continuous transport law that extends from bed
load to suspended load for a wide range of flow strengths and
sediment grain size distributions introduced. Most of these
continuous total load transport laws have been established
by summing up contributions of bed load and suspended
load calculated using separate formalisms (Dade and Friend,
1998; van Rijn, 1984b). A more recent attempt by Le Mi-
nor et al. (2022; model referred to as LM2022 in this study)
differs conceptually from this approach. Instead of discrimi-
nating between bed load and suspended load, LM2022 intro-
duced a single formalism that brings both contributions to-
gether by describing the portion of the water column where
most sediment transport occurs, i.e. the characteristic sedi-
ment transport height. The advantage of LM2022’s model is
that it is relevant to studying catastrophic sediment delivery
to fluvial systems, as it applies to a wide range of grain size
distributions and hydraulic conditions.

LM2022 is a multi-grain-size total load sediment transport
model that applies to various transport modes in both non-
stationary and stationary regimes. It is based on the erosion–
deposition formalism using a transport length, resulting in
a spatial lag to reach transport saturation, which depends on
flow condition and grain size (Charru, 2006; Daubert and Le-
breton, 1967; Davy and Lague, 2009; El Kadi Abderrezzak
and Paquier, 2009; Jain, 1992; Kooi and Beaumont, 1994;
Lajeunesse et al., 2010; Lamb et al., 2008; Le Minor et al.,
2022; Sklar and Dietrich, 2004). At equilibrium, i.e. when
there are neither spatial nor temporal changes, the transport
length equals the ratio of the sediment transport rate per
unit width to the entrainment rate. The transport length in-
creases with excess shear stress and gives its scaling with
shear stress to the transport rate such that qs ∝ (τ − τr)1+a ,
where a is the scaling exponent of the transport length with
shear stress, qs is the sediment transport rate per unit width,
and τ and τr are the bed and reference shear stress, respec-
tively. LM2022 succeeded in predicting the scaling between
transport rate and excess shear stress for various transport
modes, using two key elements: transport height and en-
trainment rate. Although the model succeeded in describing

a continuum of transport rates from bed to suspended load
for a given size, LM2022 had some limitations when the
model predictions were compared to a variety of experimen-
tal datasets for single- and multiple-size bed load and total
load transport. First, it tended to predict larger transport rates
compared to measured ones for single- and multiple-size sed-
iment. The magnitude of this overestimation decreased for
low shear stress but increased for high shear stress. This sug-
gests that the transport length, entrainment rate, or both may
not be parameterized correctly because these two parame-
ters set the magnitude and scaling of modelled transport rates
with shear stress. Second, Le Minor et al. (2022) showed that
the single-size erosion–deposition formulation based on the
disequilibrium length was not directly applicable to multiple-
size sediments, as the reference transport height was too de-
pendent on individual grain sizes and not on the interactions
between different grain sizes. They propose to use a common
reference transport height at the base of the transport layer.
Preliminary results using the median grain size as this com-
mon reference transport height showed an improvement for
multiple grain sizes.

Another explanation for the discrepancies in model pre-
dictions may be that input model parameters are not actually
comparable between the experimental datasets, in particular
when it comes to characterizing the incipient motion of sed-
iment mixtures. Le Minor et al. (2022) use a critical shear
stress formalism to characterize incipient motion in the en-
trainment rate. Critical shear stress means that for bed shear
stress values lower than or equal to the critical value, there
is no transport. Experimentally measuring the critical shear
stress is very difficult due to the very low transport rates. An
alternative approach is commonly used instead, known as a
reference shear stress (e.g. Shvidchenko et al., 2001; Wilcock
and Crowe, 2003). The reference shear stress differs from
the critical shear stress in that it is defined as the bed shear
stress required to produce a given transport rate, and hence,
for bed shear stress values lower than or equal to the refer-
ence value, there may be a very low non-zero transport rate.
However, methods and estimates of the reference shear stress
values vary between studies, resulting in a lack of consis-
tency across the datasets used to evaluate the model in Le
Minor et al. (2022). Indeed, in Le Minor et al. (2022), refer-
ence shear stress values and the empirical formulations de-
rived from them were taken directly from the literature with
no consideration of how they were measured (e.g. “by-eye”
observations) or for which reference transport rate they were
established. For instance, the reference transport rate con-
sidered by Wilcock and Crowe (2003) for mixed-size sedi-
ment was related to different entrainment probabilities from
one grain size to another. This model contrasts with Shvid-
chenko et al. (2001), whose reference shear stress model re-
lies on a unique entrainment probability. Another issue is that
the reference shear stress measurement relates to a specific
bed surface grain size composition and hydraulic conditions.
Studies suggest that the reference shear stress relates to the
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grain size distribution of the final bed surface rather than
the one of the bulk sediment (initial bed surface) when both
hiding-exposure effects and surface armouring occur (Parker
and Klingeman, 1982; Parker and Wilcock, 1993). The main
limitations of existing definitions stem from two approaches.
First, some definitions are based on the grain size distribu-
tion of the initial bed surface, with the assumption that the
surface composition remains relatively constant between the
initial and final states (Shvidchenko et al., 2001). Second,
other definitions rely on the grain size distribution of the final
bed surface, which is averaged over several runs with simi-
lar initial bulk sediment. This method also assumes that the
surface composition does not change significantly with vari-
ations in water discharge and sediment transport rates, mean-
ing there is a similar degree of kinetic sorting (Wilcock and
Crowe, 2003). These may not be comparable and could intro-
duce inconsistencies in model calibration or validation using
different datasets, especially for bed load transport predic-
tions.

In this study, we seek to improve on LM2022’s model by
(i) applying a standardized approach to determine the refer-
ence shear stress for incipient motion of single- and multiple-
size sediments, (ii) introducing a new formalism for the ref-
erence shear stress of individual fractions of multiple-size
sediments based on the work by Shvidchenko et al. (2001)
and Wilcock and Crowe (2003), and (iii) presenting improve-
ments to the entrainment rate and the transport length – two
key model elements. In doing so, we seek to balance the ob-
jectives of accurately predicting single- and multiple-grain
size bed load and total sediment load and developing a par-
simonious model that is relatively easy to parameterize. In
Sect. 2, we present the empirical equations of reference shear
for incipient motion used in Le Minor et al. (2022), the key
elements of LM2022’s model, and improvements to its en-
trainment rate and transport length. In Sect. 3, we describe
the datasets used for model calibration and validation and the
procedure to establish a new model of reference shear stress.
In Sect. 4, we present results for the new model of reference
shear stress and transport rate predictions made considering
the standardized threshold of motion and the modifications
of the transport length. In Sect. 5, we discuss our findings
and identify the key adjustments required to produce a multi-
grain-size total sediment load model that applies to single-
and multiple-size sediments.

2 Model description and adjustment

2.1 Standardization of reference shear stress for
incipient motion

In Le Minor et al. (2022), reference shear stress values used
as model input were inconsistent across datasets because the
methods used by the original authors were measured or cal-
culated in different ways for single- and multi-grain-size sed-
iments (Table 1). We detail these differences below. As is

usual, all equations are based on the dimensionless form of
shear stress, i.e. the Shields stress θi [–]:

θi =
τ

ρRigdi
, (1)

where Ri = ρs,i/ρ− 1 [–] is the sediment specific gravity,
with ρs,i and ρ [kg m−3] being the sediment and water den-
sities, respectively, g [m s−2] is the gravitational constant, di
[m] is the sediment diameter, and τ [Pa] is the bed shear
stress. Note that the subscript “c” is added when referring
to the critical Shields stress θc,i and that the subscript “r” is
added when referring to the reference Shields stress θr,i . We
also refer to grain-size-specific parameters using the “i” sub-
script for the ith size.

For single-size sediments (Table 1), Le Minor et al. (2022)
used critical Shields stress values published in the original
studies or calculated using the modified form of the Shield’s
curve (Shields, 1936) by Soulsby and Whitehouse (1997):

θc,i =
0.3

1+ 1.2d∗i
+ 0.055

(
1− exp

(
−0.02d∗i

))
, (2)

where d∗i =
3

√
Rigd

3
i

ν2 [–] is the non-dimensional grain diame-

ter (ν [Pa s] is the kinematic viscosity of water).
For multiple-size sediments (Table 1), Le Minor et

al. (2022) used critical shear stress values published in the
original studies or reference Shields stress values calculated
from empirical equations.

Note that we included two new datasets for our analysis
compared to Le Minor et al. (2022): Shvidchenko and Pen-
der (2000a) for single-size sediments and Shvidchenko et
al. (2001) for multiple-size sediments. Both provide empir-
ical equations of the reference Shields stress that we used
to predict transport rates, with LM2022 as a reference case
(Sect. 4).

In turn, two formalisms were used in this study for the
multiple-size sediment datasets: Wilcock and Crowe (2003;
model referred to as WC2003 in this study), which is the
most widely used when it comes to sediment mixtures, and
Shvidchenko et al. (2001; model referred to as S2001 in this
study). Each formalism consists of two equations: one for
the reference Shields stress of the median size and one for
the hiding function characterizing grain size interactions on
a rough bed. They differ significantly in their approach to
estimating the reference shear stress:

1. S2001’s estimate is based on the incipient motion crite-
rion (Shvidchenko et al., 2001; Shvidchenko and Pen-
der, 2000a):

q∗s,i =
qs,i

Fi
√
Rigdi

3 , (3)

where q∗s,i [–] is the dimensionless transport rate per unit
width or Einstein number (Einstein, 1950), qs,i [m3 s−1]
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Table 1. Summary of datasets and methods employed to obtain values of the Shields stress for the reference shear stress in Le Minor et
al. (2022). Two datasets were added in this study (Shvidchenko et al., 2001; Shvidchenko and Pender, 2000a). The choice of various methods
to determine the bed roughness depends on the information provided for each dataset or the lack thereof. In the latter case, the use of Nielsen’s
equation (1992) results from a sensitivity analysis of LM2022’s model with respect to the roughness formulation (Le Minor et al., 2022).

Dataset Original method used in
LM2022 to determine the
reference Shields stress θr,i [–]

Method used to determine the
bed roughness z0 [m]

Single
sizes

Meyer-Peter and Müller (1948;
from the report by Smart and
Jaeggi, 1983)

Empirical equation of Soulsby
and Whitehouse (1997)

3d90/30

Engelund and Hansen (1967;
from the report by Guy et al.,
1966)

Empirical equation of Soulsby
and Whitehouse (1997)

Empirical equation of
Nielsen (1992) to deal with bed
forms

Shvidchenko and
Pender (2000a; from the
doctoral thesis of Shvidchenko,
2000)

Empirical equations of
Shvidchenko and
Pender (2000a)

Empirical equation of
Nielsen (1992) to deal with bed
forms

Lajeunesse et al. (2010) Values provided in Table 3 of
Lajeunesse et al. (2010)

d90/30, value provided in
Lajeunesse et al. (2010)

Multiple
sizes

Shvidchenko et al. (2001; from
the doctoral thesis of
Shvidchenko, 2000)

Empirical equations of
Shvidchenko et al. (2001)

Empirical equation of
Nielsen (1992) to deal with bed
forms

Wilcock and Crowe (2003;
from the experiment by
Wilcock et al., 2001)

Empirical equations of
Wilcock and Crowe (2003)

3d90/30

is the transport rate per unit width, and Fi [–] is the frac-
tion on the bed surface. The incipient motion criterion
relies on the 1 : 1 correlation between q∗s,i and the trans-
port intensity Ii [s−1], which is the fraction of mobile
grains at the bed surface per unit time.

2. WC2003’s estimate is based on the reference transport
criterionW ∗i [–] (Parker et al., 1982b, a; Wilcock, 1988;
Wilcock and Crowe, 2003):

W ∗i =
Rigqs,i

Fiu3
∗

, (4)

where u∗ [m s−1] is the shear velocity.

Empirical equations of the reference Shields stress have been
established for sand–gravel mixtures using both the incipient
motion criterion (Shvidchenko et al., 2001) and the reference
transport criterion (Wilcock and Crowe, 2003) with reference
values such as q∗s,ref = 10−4 (correlated to Iref = 10−4 s−1)
and W ∗ref = 2.10−3, respectively.

The reference transport criterion of Parker et al. (1982a)
was defined with no dependency on grain size for the pur-
pose of a similarity collapse, meaning that transport rate data
for individual fractions fall on the same curve and are not af-
fected by grain size. This contrasts with the incipient motion
criterion of Shvidchenko and Pender (2000a) that included a

dependency on grain size because the transport intensity was
defined as the ratio of the number of grain displacements to
the number of grains available on the bed surface per unit
time. Hence, it may be interpreted as a measure of grain mo-
bilization (ratio of mobilized grains to immobile grains) or a
probability of entrainment (Shvidchenko et al., 2001; Shvid-
chenko and Pender, 2000a). Comparisons of these two cri-
teria by Shvidchenko et al. (2001) reveal that the incipient
motion criterion scaled by grain diameter results in similar
mobilization rates across grain sizes, contrary to the trans-
port criterion. Consequently, the incipient motion criterion is
better suited for developing a universal transport law appli-
cable to single- and multiple-size sediments.

Recalling that the reference Shields stress is not defined in
the same way in S2001 and WC2003, it is important to note
that the authors both observe a dependency of θr,i with the
heterogeneity of the grain size distribution at the surface of
the bed. However, they measure this heterogeneity differently
and obtain different empirical relationships that we describe
below.

Shvidchenko et al. (2001) found a dependency of θr,i on
median grain size d50 [m], the grain size to median size ra-
tio di/d50 [–], and the mixture geometric log-standard de-
viation σg [–]; i.e. σg =

√
d84/d16 (Nakagawa et al., 1982),

where d16 [m] and d84 [m] are the grain diameters of the
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16th and 84th percentile. For simplification, in this study, we
refer to the mixture geometric log-standard deviation as the
grain size sorting. In S2001, the grain-size-specific reference
Shields stress is written as

θr,i = εi
0.60
a
s0.278, (5)

where a =−1.1
(
log10 (1000d50)

)3
+4.8

(
log10 (1000d50)

)2
−

5.0log10 (1000d50)+ 4.6 [–] is the mobility factor, εi [–]
is the hiding function, and s [–] is the channel-bed slope.
Equation (5) was first established for the incipient motion
of coarse single-size sediments by Shvidchenko and Pen-
der (2000b). Parameter a decreases from about 4.5 to 3 for
grain sizes between 1 and 5 mm and increases from about 3
to 5 for grain sizes between 5 and 100 mm.

The hiding function that corrects the reference Shields
stress of the median size θr,50 [–] from hiding-exposure ef-
fects is written as

εi =
θr,i
θr,50
=


(
di
d50

)−e
if di
d50
≤ 1

log10

(
10 di

d50

)−2.2
if di
d50
≥ 1

, (6)

where

e = 2.0σ−0.10
g

(
0.049

(
log10 (1000d50)

)3
−0.26

(
log10 (1000d50)

)2
+ 0.33log10 (1000d50)+ 1.20

)
− 1.4

[–] is the hiding exponent. Parameter e decreases for grain
sizes between 1 and 5 mm and increases for grain sizes be-
tween 5 and 100 mm. The magnitude of parameter e de-
creases with grain size sorting σg. Figure 1 illustrates, for a
range of grain sizes, the difference between the Shields curve
and S2001’s model with and without hiding effects.

Wilcock and Crowe (2003) found a dependency of θr,i on
the sand fraction Fsand [–] and di/d50. The grain-size-specific
reference Shields stress is written as

θr,i =

(
di

d50

)−(1−bi )

θr,50, (7)

where bi [–] is the grain-size-specific hiding exponent.
The reference Shields stress of median grain size is written

as

θr,50 = 0.021+ 0.015 exp(−20Fsand) . (8)

This equation means that the reference Shield stress starts at
0.036 for gravels and decreases down to 0.021 when the sand
fraction is above 0.05.

The hiding exponent is as follows:

bi =
0.67

1+ exp
(

1.5− di
d50

) . (9)

Figure 1 illustrates, for a range of grain sizes, the difference
between the Shields curve and WC2003’s model with and
without hiding effects.

We note that both models are rather complicated, include
a dependency on di/d50, and express bed heterogeneity as
dependent on either d84/d16 (S2001), which does not de-
pend on a fixed grain size, or the sand fraction (WC2003),
which is based on a specific grain size cutoff (2 mm). More-
over, S2001’s reference Shields stress depends on the bed
slope to account for effects of relative depth (Shvidchenko
and Pender, 2000a), but WC2003 does not. Relative depth is
expected to alter turbulence, velocity fields, and thus trans-
port intensity in the vicinity of incipient motion (Lamb et
al., 2008; Prancevic and Lamb, 2015; Shvidchenko and Pen-
der, 2000a). S2001 assumed that the reference shear stress in-
creases with the channel-bed slope, which is negatively cor-
related to the relative depth. Another difference pertains to
the bed surface composition: S2001 was established using
the bed surface composition at the initial state. In contrast,
WC2003 considered the bed surface composition at the fi-
nal state and averaged over runs with a similar initial sedi-
ment mixture. WC2003 was calibrated using grain size dis-
tributions that are of about 1 order of magnitude wider than
S2001: 0.1–64 mm (14 size classes) compared to 1–14 mm
(eight size classes), respectively. The grain size sorting of the
datasets used to establish the two formalisms overlap: 2.2–
7.3 for WC2003 compared to 1.3–6.0 for S2001 (combina-
tion of datasets they used; 1.3–2.2 for their own data).

To resolve the inconsistency between the reference shear
stress models in Le Minor et al. (2022), we have reanalysed
two of the most complete multi-grain-size sediment trans-
port datasets (Shvidchenko et al., 2001; Wilcock and Crowe,
2003), as well as single-grain-size datasets (Engelund and
Hansen, 1967; Lajeunesse et al., 2010; Meyer-Peter and
Müller, 1948; Shvidchenko and Pender, 2000a). In doing so,
our objectives were

– to estimate reference shear stresses for each dataset us-
ing a standardized approach so that they are compara-
ble;

– to derive a new empirical model for the reference shear
stress for multiple-size sediments that includes a hiding-
exposure function with parameters describing the bed
heterogeneity;

– to evaluate LM2022’s model predictions using sediment
transport datasets standardized by applying a common
approach to calculate the reference shear stress.

Section 3 describes the detailed processing of the datasets
that allow these three steps to be performed.

2.2 Key aspects of Le Minor et al. (2022)’s model

The erosion–deposition model is defined by two elements:
the entrainment rate ėi [m s−1] and the transport length ξi
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Figure 1. Comparison of the S2001 and WC2003 formalisms. (a) Reference shear stress as a function of grain size. (b) Reference Shields
stress as a function of grain size. The Shields’s curve is included as well as the curves corresponding to equal mobility conditions. Dots
correspond to grain size classes of WC2003’s dataset for the grain size distribution with the lowest sand fraction.

[m] (Davy and Lague, 2009). This model has been extended
to a spectrum of transport modes as well as to a spectrum of
sediment grain sizes (Le Minor et al., 2022). Model elements
relevant for this study are briefly described below, and more
details are given in Sect. S1 in the Supplement and in Le
Minor et al. (2022).

According to Davy and Lague (2009), the transport length
that links erosion and deposition may be parameterized with
the thickness of the layer where most of the grains are trans-
ported, their transport velocity, and their settling velocity. Le
Minor et al. (2022) thus assume that the transport length can
be written as

ξi =
hs,ivs,i

ws,i
, (10)

where hs,i [m] is the sediment transport height, vs,i [m s−1]
is the depth-averaged sediment transport velocity, and ws,i
[m s−1] is the sediment settling velocity. The magnitude of
the settling velocity is assumed to be equal to the terminal
settling velocity calculated using the empirical equation of
Ferguson and Church (2004) because it covers a wide spec-
trum of grain sizes.

The sediment transport length corresponds to the height
reached by a grain after its ejection or detachment from the
bed. Le Minor et al. (2022) write the transport height as

hs,i =

{
hsalt,i +

h−hsalt,i
r0,i

if T ∗i > 0
0 otherwise

, (11)

where hsalt,i [m] is the saltation height, r0,i [–] is the gradi-
ent of the vertical sediment distribution, and T ∗i = τ/τr,i − 1
[–] is the transport stage, with τr,i [Pa] being the sediment
reference shear stress. The saltation height can be written as

hsalt,i =

{
min

(
0.6di + 0.025diT ∗i ,h

)
if T ∗i > 0

0 otherwise . (12)

To improve upon Le Minor et al. (2022), we propose a sim-
plified formulation of the transport velocity assuming a loga-
rithmic water velocity profile (law of the wall) and that sedi-
ment grains travel as fast as the water velocity averaged over
the thickness of the layer where most transport occurs regard-
less of the transport mode, i.e. bed load or suspended load:

vs,i =

{
min

(
u∗
κ

(
ln
(
hs,i
z0

)
− 1+ z0

hs,i

)
,u
)

if T ∗i > 0
0 otherwise

,

(13)

where κ [–] is the von Kármán constant, u [m s−1] is the
depth-averaged water velocity, and u∗ [m s−1] is the shear ve-
locity. We observed that this simplified transport velocity for-
mulation degrades neither the magnitude nor the scaling with
the excess shear stress of single- and multiple-size transport
rate predictions (see Fig. S1 in the Supplement). Maintaining
the predictive power of the model with a simpler formulation
is desirable because it makes the model easier to parameter-
ize. We thus use Eq. (13) to calculate the transport velocity
from now on in this study.

Based on grain-scale dynamic studies (Charru et al., 2004;
Lajeunesse et al., 2010), Le Minor et al. (2022) assume that
the entrainment rate can be written as

ėi = Fike,i
(
τ − τc,i

)
, (14)

where ke,i [m2 s kg−1] is the entrainment coefficient. Here,
we adjust LM2022 by replacing the critical shear stress by
the reference shear stress:

ėi = Fike,i
(
τ − τr,i

)
. (15)

For multiple-size sediments, Le Minor et al. (2022) used
Eqs. (7)–(9) (Wilcock and Crowe, 2003) to calculate the crit-
ical shear stress. In this study, we propose a new model for
the reference shear stress for individual grain sizes in sedi-
ment mixtures and use that instead (see Sect. 4.1).
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In the erosion–deposition model, the entrainment coeffi-
cient has the following form (Lajeunesse et al., 2010; Le Mi-
nor et al., 2022):

ke,i =
α

ρs,iwe,i
, (16)

where α [–] is an entrainment factor and we,i [m s−1] is the
sediment ejection velocity. In Le Minor et al. (2022), the
magnitude of the ejection velocity is assumed to be equal
to the terminal settling velocity.

When there is no more spatial nor temporal variations of
sediment load in the water column, the sediment load is at
equilibrium and can be expressed as

q
eq
s,i = ξiei = Fi

hs,ivs,i

ws,i

α

ρs,iws,i

(
τ − τr,i

)
. (17)

In this formulation, τr,i replaces τc,i , which was used in the
original LM2022 model.

The dimensionless form of this transport law (Einstein
number) can be written as

q
eq∗
s,i =

qs,i

Fi

√
Rigd

3
i

= α
ρ

ρs,i

hs,i

di

vs,i
√
Rigdi

w2
s,i

(
θi − θr,i

)
.

(18)

When the reference shear stress is not exceeded, we assume
that the transport rate is so small that it can be neglected, and
thus the transport rate equals 0. This is a conceptual differ-
ence from empirical equations such as the one of Wilcock
and Crowe (2003) that predicts non-zero but weak transport
for bed shear stress below the reference shear stress.

2.3 LM2022 model adjustment and calibration

As suggested by Le Minor et al. (2022), we modify the salta-
tion height with an identical reference height for all sizes in-
stead of a grain-size-specific one. This is important because
the higher the saltation height, the higher the grain velocity
and, thus, the transport fluxes. Because the bed roughness z0
plays a critical role in flow hydraulics and may be seen as the
lower vertical limit of transport, we test the following modi-
fication of the saltation height:

hsalt,i =

{
min

(
z0+ 0.6di + 0.025diT ∗i ,h

)
if T ∗i > 0

0 otherwise .

(19)

In Le Minor et al. (2022), the measured density of moving
sediment grains at the bed surface and the ratio of deposi-
tion to erosion time from Lajeunesse et al. (2010) and Hous-
sais and Lajeunesse (2012) were used to obtain a value of
the entrainment factor that was assumed to be constant. This
allowed direct evaluation of model performance against ex-
perimental datasets without any prior calibration. However,

this procedure is not applied in this study for two reasons:
(i) the density of moving sediment grains at the bed surface
is not a parameter that is commonly measured in flume ex-
periments and thus is lacking in most of the datasets used in
this study, and (ii) the narrow range of hydraulic conditions
and sediment properties explored by Lajeunesse et al. (2010)
and Houssais and Lajeunesse (2012) does not provide us with
a sufficiently broad dataset for testing our hypotheses and
highlighting phenomena potentially missing in the LM2022
model. Hence, as a first approach, we evaluate the effect
of the standardized reference shear stress and new transport
length using the original mobility factor of LM2022’s model:
α = π

6 37.64= 19.71. In a second step, we re-calibrate the
model by estimating an empirical value of α in response to
model adjustments. We calculate it as the median value of the
population of values of α for each measured transport rates
as follows:

α =
q

eq
s,i,measured

Fiξs,i,predicted
1

ρs,iwe,i

(
τ − τr,i

) . (20)

3 Data and methods

3.1 Datasets

Six datasets from flume experiments on single- and multiple-
size sediments were used in this study (Table 1) for (i) model
comparison of the original LM2022 model, (ii) calibration of
the new reference shear stress, and (iii) calibration of the new
version of LM2022’s model, specifically the new reference
shear stress for incipient motion and the entrainment factor
α. See Sect. S2 for details on the range of values tested for
each dataset.

Contrary to Le Minor et al. (2022), the dataset of Houssais
and Lajeunesse (2012) was not considered in this study be-
cause values of depth-averaged water velocity used to calcu-
late the transport length are lacking. For the dataset of Meyer-
Peter and Müller (1948), only the data where the median size
d50 [m] is the same as the 90th-percentile size d90 [m] were
used, i.e. with a single grain size (5.21 and 28.65 mm).

In Le Minor et al. (2022), the sensitivity analysis revealed
that the transport rate predictions were affected by the bed
roughness z0 fed to the model and hence that the impact of
bed forms on the bed roughness should be accounted for. De-
tails on the bed roughness considered for each dataset are
given in Table 1.

3.2 Dataset processing to estimate the reference shear
stress

As in Le Minor et al. (2022), for all the datasets, the same
method as the one mentioned in Wilcock and Crowe (2003)
was applied to calculate values of the bed shear stress cor-
rected for sidewall effects (Chiew and Parker, 1994; Vanoni
and Brooks, 1957). In the following work, we hypothe-
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Figure 2. Example of fitting to data points using two interpolation
methods. Dimensionless transport rates, i.e. values of the Einstein
parameter, for the data of Wilcock and Crowe (2003) (finest grain
size: 210–500 µm; highest initial sand fraction: 34 %) are plotted as
a function of the Shields stress. While the linear fit has a correlation
coefficient of 0.92, the more complex fit used in this study has a
correlation coefficient of 0.96.

size that the reference Shields stress corresponds to the bed
shear stress that produces a reference transport intensity of
10−4 s−1 and, thus, an Einstein number of 10−4 (Shvid-
chenko and Pender, 2000a). This value corresponds to only
rare movements of grains at the bed surface (Kramer, 1935),
and transport is considered negligible below it. Reference
Shields stress values are obtained by plotting the transport
intensity data as a function of the grain-size-specific Shields
stress. We then use an empirical fit such as log

(
q∗s,i

)
=

a+ b
θi

, where a and b are two constants (Fig. 2) instead of a

power law log
(
q∗s,i

)
= a+ b log(θi). The power law is suit-

able for constant scaling of the dimensionless transport rate
(Einstein number) with the Shields stress. However, this scal-
ing is not constant for all the datasets we use, especially for
the finer grain sizes, where it varies from about 1.5 for bed
load transport to 2.5 for suspended load. Applying an expo-
nential fit better captures this varying scaling. With the above
equation, the reference Shields stress is

θr,i =
b

log
(
q∗s,ref

)
− a

. (21)

The automatic fitting procedure requires at least three data
points and that the resulting fit has a trend similar to the one
expected (increasing trend in the Einstein number with in-
creasing Shields stress). Otherwise, the reference shear stress
is considered as unknown, and the corresponding measure-
ments, as unexploitable. Ultimately, we obtained 40 esti-

mates of the reference shear stress out of 52 for single-size
sediments and 182 out of 240 for multiple-size sediments.

For the single-size data, one value of the reference shear
stress was calculated per grain size. For the multiple-size
data, one value of the reference shear stress was calcu-
lated per grain size and per mixture (initial state). For the
single-size data of Shvidchenko and Pender (2000a) and the
multiple-size data of Shvidchenko et al. (2001), several runs
were carried out for a constant channel-bed slope as well, and
hence we calculated one value of the reference shear stress
per channel-bed slope to evaluate its influence.

3.3 Procedure to establish a new formalism of the
reference shear stress for multiple-size sediments

For the multiple-size sediments, we went one step beyond the
measurements of the reference shear stress by building a new
model of incipient motion of individual sizes that combines
the formalisms of Shvidchenko et al. (2001) and Wilcock and
Crowe (2003).

A preparation of the data was needed to extract the neces-
sary parameters from the two datasets:

1. Each dataset was subdivided according to the grain size,
initial sediment mixture, and channel-bed slope when
applicable (single-size data of Shvidchenko and Pen-
der, 2000a, and multiple-size data of Shvidchenko et al.,
2001).

2. Final surface properties (d50, σg, and Fsand) were aver-
aged over the runs carried out for a given initial sedi-
ment mixture and channel-bed slope (when applicable).

3. For each initial sediment mixture and channel-bed slope
(when applicable), we had a series of grain sizes with
their calculated reference Shields stress and correspond-
ing final surface properties. Linear interpolations were
conducted over this series of grain sizes in log-scale to
determine the reference Shields stress θr,50 of the me-
dian size d50 estimated in step 2.

Once we had the standardized datasets, we proceeded in de-
veloping an empirical model for θr,50 as a function of bed
heterogeneity, exploring the potential influence of d50, σg and
Fsand, and we then developed a new hiding-exposure model.

4 Results

4.1 Standardized reference shear stress for incipient
motion

Figure 3a shows that θr,50 decreases significantly with final
surface grain size sorting, ranging from∼ 0.03 for very large
grain size heterogeneity and converging to values ranging
between 0.05 and 0.06 for nearly uniform grain size mix-
tures (σg ≈ 1). This is consistent with the expected trend that
was reported for non-uniform sediments using the transport
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rate criterion by Patel and Ranga Raju (1999) and Patel et
al. (2010), but the magnitude is slightly larger.

We found that the reference Shields stress of the median
grain size in the mixture can be expressed as (Fig. 3a)

θr,50 = 0.060σ−0.469
g (R2

= 0.69). (22)

The high sigma values associated with WC2003’s data sig-
nificantly affect the scaling exponent of the reference Shields
stress for the median grain size with the sorting. More data
with high sorting would help to better constrain our new
model of the reference Shields stress for wide grain size dis-
tributions.

Figure 3a shows that there is no clear influence of d50 on
θr,50 and that Eq. (22) holds for S2001 and WC2003. Us-
ing a functional relationship similar to WC2003, we found
that the correlation between θr,50 and the sand fraction was
weaker (θr,50 = 0.049exp(−0.97Fsand), R2

= 0.30), so we
do not use Fsand subsequently.

We seek to develop a simple hiding function following pre-
vious studies (e.g. Parker and Klingeman, 1982; Wilcock and
Crowe, 2003):

θr,i =

(
di

d50

)−γi
θr,50, (23)

in which γi could depend on di/d50 as in WC2003
or on grain size sorting σg as in S2001. For this,
we compute individual values of γi , calculated as γi =
− log

(
θr,i/θr,50

)
/ log(di/d50), for all experimental data. Fig-

ure 3d shows the variation of γi as a function of di/d50 and
σg. The range of γi obtained varies between 0.1 and 1.2.
Three negative points are ignored. Recall that γi = 1 means
perfect equal mobility, as the reference shear stress is iden-
tical for all size classes. If γi < 1, the reference shear stress
increases with grain size, resulting in classical size selective
entrainment, while γi > 1 predicts that the reference shear
stress decreases with grain size. Figure 3b shows that γi de-
creases significantly with the grain size sorting, leading to a
pronounced size selective entrainment, while as the final sur-
face tends to a uniform grain size (σg ≈ 1), equal mobility
conditions dominate. We fit a power law to account for this
dependency (Fig. 3b–c). The residuals show a dependency
with di/d50 (Fig. 3c) that we adjust with a function similar
to that of Wilcock and Crowe (2003) (Eq. 9). This leads to a
new formulation of γi :

γi = 1.275σ−0.789
g

1.461−
0.859

1+ exp
(

1− di
d50

)


(R2
= 0.74 and p = 0.00). (24)

We propose a hiding function formulation that combines both
versions of the Shvidchenko et al. (2001) and Wilcock and
Crowe (2003) empirical models and parameters: the varia-
tions of the hiding-exposure exponent with both the grain

size sorting and the grain size to median size ratio are shown
in Fig. 3d.

The former two formalisms of Shvidchenko et al. (2001)
and Wilcock and Crowe (2003) and the new hiding function
(Eqs. 23 and 24) are plotted in Fig. 4. Figure 5 compares
the modelled reference shear stress values calculated using
Eqs. (22) and (24) and the interpolated ones obtained using
the approach shown in Fig. 1. Our approach manages to pre-
dict both the values we have interpolated with the method
presented in Sect. 3.2 for the Shvidchenko et al. (2001)
and Wilcock and Crowe (2003) data better (R2

= 0.92 and
p = 0.00) than the equations of Shvidchenko et al. (2001;
R2
= 0.69 and p = 0.00) and Wilcock and Crowe (2003;

R2
= 0.64 and p = 0.00), although there is a significant cor-

relation between the interpolated and predicted reference
Shields stress for all three equations.

4.2 Impact of model changes on transport rate
predictions

4.2.1 Original model parameterization of Le Minor et al.
(2022)

We use the Le Minor et al. (2022) model results as a refer-
ence case against which we compare new model adjustments
(Fig. 6a to d). The original value for the entrainment factor
in LM2022’s model was α = 19.71. This model parameteri-
zation produced transport rate predictions that had residuals
(ratio of transport rate predictions to flume observations) that
exhibit a decreasing trend with the excess of Shields stress
between 10−3 and 10−1 and a slightly increasing trend below
10−3 and above 10−1. Also, 53 % and 65 % of the single-size
experimental data were predicted within a factor of 5 and 10,
respectively. In addition, 36 % and 51 % of the multiple-size
experimental data were predicted by our model within a fac-
tor of 5 and 10, respectively.

4.2.2 Standardized reference shear stress for incipient
motion

We predict transport rates with interpolated values of the ref-
erence shear stress for single-size sediments (procedure de-
scribed in Sect. 3.2) and calculated values of the reference
shear stress for multiple-size sediment due to changes in bed
composition (Eqs. 22 and 24).

First, we do not adjust α (Fig. 6e to h). Compared to
Le Minor et al. (2022), for the single-size sediments, the
decreasing trend with the excess of Shields stress between
10−3 and 10−1 is considerably attenuated, while the increas-
ing trend below 10−3 and above 10−1 remains (Fig. 6e). For
the multiple-size sediments, the decreasing trend is slightly
attenuated (Fig. 6g). The scattering of residuals is reduced
for the single-size sediments, while it does not change for
multiple-size sediments (Fig. 6e–h). In addition, 59 % and
80 % of the single-size experimental data are predicted by
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Figure 3. New formalism of the reference shear stress for incipient motion of multiple-size sediments. (a) Variations of the reference Shields
stress of the median size as a function of the final surface grain size sorting. The grey line corresponds to Eq. (22) (R2

= 0.69). Markers
are coloured according to the median grain size. (b) Variations of the exponent in the hiding function as a function of grain size sorting.
(c) Variations of the exponent in the hiding function without the effect of the grain size sorting as a function of the grain size to median grain
size ratio. (d) Variations of the exponent in the hiding function as a function of the grain size to median size ratio. Markers are coloured
according to the final surface grain size sorting. Equation (24) (R2

= 0.74) is plotted for 10 values of the final surface grain size sorting. The
dashed line corresponds to the equation of Wilcock and Crowe (2003).

our model within a factor of 5 and 10, respectively. Mean-
while, 39 % and 55 % of the multiple-size experimental
data are predicted by our model within a factor of 5 and
10, respectively. Note that the residuals are not centred on
one when considering the original entrainment factor of
LM2022’s model, and thus a re-calibration of this factor is
required to improve the magnitude of the predicted transport
rates.

Re-calibrating the entrainment factor for single- and
multiple-size sediments using the approach described in
Sect. 2.3 gives an entrainment factor α = 4.61. In this case,
81 % and 89 % of the single-size experimental data (∼ 20 %
improvement compared to Le Minor et al. (2022) are pre-
dicted within a factor of 5 and 10, respectively, while 54 %
and 73 % of the multiple-size experimental data (∼ 15 % im-
provement) are predicted within a factor of 5 and 10, respec-

tively. Hence, the standardization of the threshold of motion
enhances both single- and multiple-size sediment transport
predictions once the entrainment coefficient is readjusted.

4.2.3 Standardized reference shear stress and common
reference transport height

Here, we first keep the original parameterization of Le Mi-
nor et al. (2022) (α = 19.71) but use the new reference shear
stress and set the bed roughness as the minimum saltation
height across all grain sizes (Eq. 19). Figure 6i shows that
for the single-size sediments, the decreasing trend with the
excess of dimensionless shear stress between 10−3 and 10−1

remains, as does the increasing trends below 10−3 and above
10−1 (Fig. 6i). For the multiple-size sediments, the decreas-
ing trend is attenuated (Fig. 6k). Scattering of residuals is re-
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Figure 4. Comparison between our new model and the S2001 and WC2003 formalisms. (a) Hiding functions as well as equal mobility curve.
(b) Reference Shields stress curves as a function of grain size. The Shields’s curve is included, as well as the curves corresponding to equal
mobility conditions. Dots correspond to grain size classes of WC2003’s dataset for the grain size distribution with the lowest sand fraction.

Figure 5. Comparison between our new formalism and the ones of
Shvidchenko et al. (2001) and Wilcock and Crowe (2003). (a) Com-
parison of the predicted and measured values of the reference
Shields stress. (b) PDF of the residuals. The solid, dashed, and dot-
ted lines correspond to the PDF of residuals obtained with the set of
equations from this study, Shvidchenko et al. (2001), and Wilcock
and Crowe (2003), respectively.

duced for both single- and multiple-size sediments (Fig. 6i–
l). In addition, 56 % and 76 % of the single-size experimental
data are predicted by our model within a factor of 5 and 10,
respectively. This is a marginal improvement. Meanwhile,
32 % and 48 % of the multiple-size experimental data are
predicted by our model within a factor of 5 and 10, respec-
tively, which is worse than the original model. The residuals
are not centred on one when considering the original entrain-
ment factor of LM2022’s model, similar to the outcome of
the step above.

Re-calibrating the entrainment factor for single- and
multiple-size sediments at the same time as described in
Sect. 2.3 gives an entrainment factor α = 2.51± 28.92 and
results in the best predictions of the transport rate magnitudes
(Fig. 7): 79 % and 92 % of the single-size experimental data
(∼ 25 % improvement compared to Le Minor et al., 2022) are
predicted by our model within a factor of 5 and 10, respec-
tively, and 62 % and 81 % of the multiple-size experimen-
tal data (∼ 20 % improvement compared to Le Minor et al.,
2022) are predicted by our model within a factor of 5 and 10,
respectively. The combination of the standardized reference
shear stress, common reference height, and re-calibrated en-
trainment factor thus gives substantial improvements for both
single- and multiple-size sediment transport compared to the
original LM2022 model version.

5 Discussion

5.1 Reference shear stress for incipient motion

To improve on the inconsistency of reference shear stress
estimates in Le Minor et al. (2022), we present a reanaly-
sis of two of the largest and well-documented surface-based
multiple-size transport datasets: Shvidchenko et al. (2001)
and Wilcock and Crowe (2003).

We show that θr,50 decreases as a power law with the fi-
nal surface grain size sorting (Eq. 22). This dependency was
not shown by Shvidchenko et al. (2001) or Wilcock and
Crowe (2003), although they considered narrow and wide
as well as skewed grain size distributions. Shvidchenko et
al. (2001) expressed the reference Shields stress of the me-
dian size as the one for a uniform coarse sediment that varies
with grain size and channel-bed slope (Shvidchenko and Pen-
der, 2000a). As for Wilcock and Crowe (2003), the Shields
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Figure 6. Effects of standardized incipient motion and adjusted transport height on predictions of total load transport rates at equilibrium
using the original entrainment factor of LM2022’s model. (a–d) Predictions with the same critical shear stress values as those of Le Minor
et al. (2022) and the original parameterization of LM2022’s model. (e–h) Predictions with the original parameterization of LM2022’s model
and the standardized reference shear stress values. (i–l) Predictions with LM2022’s model adjusted with the bed roughness length as the
reference height across all grain sizes and the standardized reference shear stress values. The ratio of model predictions to flume observations
is plotted against the dimensionless excess of shear stress (Shields stress) along with the probability density function (PDF) of the residuals
for single-size sediments (a–b, e–f, i–j) and multiple-size sediments (c–d, g–h, k–l). For the PDF, the dashed and solid lines correspond to
predictions with the original LM2022 model and the adjusted model, respectively. The dark- and light-grey areas correspond to measured
values that are predicted within a factor of 5 and 10, respectively.
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Figure 7. Effects of standardized incipient motion and adjusted transport height on predictions of the total load transport rates at equilibrium
using the re-calibrated entrainment factor. Predictions with the LM2022 model adjusted with the bed roughness length as the reference height
across all grain sizes and the standardized reference shear stress values for single- (a–b) and multiple-size sediments (c–d). The ratio of model
predictions to flume observations is plotted against the dimensionless excess of shear stress (Shields stress) along with the probability density
function (PDF) of the residuals for single-size sediments (a–b) and multiple-size sediments (c–d). For the PDF, the dashed and solid lines
correspond to predictions with the original LM2022 model and the adjusted model, respectively. The dark- and light-grey areas correspond
to measured values that are predicted within a factor of 5 and 10, respectively.

stress of the median size depends only on the sand fraction
on the bed surface. Although sorting is a less direct way to
quantify the pore-filling size and account for near-bed hy-
draulic effects, we believe that it allows wider applications
of the model and not only application to sand–gravel mix-
tures. The dependency on channel-bed slope introduced by
Shvidchenko and Pender (2000a) is a proxy for the relative
depth. We explored the potential effect of relative depth on
θr,50 and found that it was of lower magnitude than the final
surface grain size sorting (θr,50 = 0.046σ−0.471

g (h/d50)0.089,
R2
= 0.72, p = 0.131, and θr,50 = 0.108σ−0.446

g s0.122, R2
=

0.74, p = 0.057). Combining the final surface grain size sort-
ing and relative depth with the same hiding function (Eq. 24)
does not improve significantly the quality of the predictions
(R2
= 0.92 when comparing modelled and interpolated val-

ues of the reference shear stress). More data are needed to
distinguish the role played by each parameter. Note that the
new formalism presented in this study has been established
for sand–gravel mixtures with grain sizes ranging from 0.1
to 64 mm. Equation (22) for the reference shear stress of the
median size applies to mixtures with gravel as the median
size (surface final median size between 2.5 and 16.4 mm).

The hiding-exposure function (Eq. 24) is a key compo-
nent of multiple-size sediment transport because it quantifies
how interactions between grain sizes, such as sheltering of
fine grains and exposure of coarse grains, increase and de-
crease the reference shear stress, respectively. It quantifies
the changes in the boundary layer structure (near the bed), as
angularity differences exist between grain sizes, and the tur-
bulence forces on the different grain sizes, as pressure fluc-
tuations penetrate through the porous bed and may entrain
preferentially fine grains lying between coarse ones (Klein-

hans and van Rijn, 2002; Vollmer and Kleinhans, 2007). Our
empirical equation for the hiding exponent shows a depen-
dency on both the grain size sorting and grain size to median
size ratio (Eq. 24). Our new formalism is similar to Shvid-
chenko et al. (2001) because it relies on the incipient mo-
tion criterion but differs from it because it is based on the
final bed composition instead of the initial one. Our new for-
malism is similar to Wilcock and Crowe (2003) because it is
based on the final bed surface composition but differs from it
because it relies on the reference transport criterion. The final
bed surface properties were averaged over runs with similar
initial bulk mixture and channel-bed slope. This averaging
procedure smooths the surface properties at the final state of
experimental runs characterized by variable hydraulic condi-
tions with the same initial sediment mixture. The smoothing
is more important for large initial grain size sorting (increas-
ing values of σg) because the range of surface properties at
the final state is wider. Although our new model for refer-
ence shear stress does not account for this (intra-subset) het-
erogeneity, the averaging procedure seems sufficient to link
bed surface composition at the final state and sediment trans-
port at equilibrium, as shown by the quality of the residu-
als (Fig. 5). In addition, we propose a formalism of inter-
mediate complexity between Wilcock and Crowe (2003) and
Shvidchenko et al. (2001) while covering a broader range of
grain sizes than each study taken individually. Our model is
slightly more complex than Wilcock and Crowe (2003) but
has lower residuals and explicitly includes grain sorting as
an important controlling factor (Fig. 3). At the same time,
our model is much simpler than Shvidchenko et al. (2001) but
also has lower residuals. On balance, we argue that our model
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is the best model because it provides intermediate complexity
with better predictive power over a wider parameter space.

While our new model offers some advantages over ex-
isting formulations, there are several areas where improve-
ments could be made. Considering the skewness of the grain
size distribution could improve the hiding function, as differ-
ent grain sizes sit at different elevations within the flow and
thus are subject to different forcing (Vollmer and Kleinhans,
2007). Another aspect that would need further consideration
is the preparation of the bed surface before conducting flume
experiments, as it has been shown that initial conditions af-
fect the evolution of bed surface grain size distribution and
transport (Parker and Wilcock, 1993). Data used to establish
S2001’s and WC2003’s formalisms were obtained from ex-
periments where the bed surface had been screeded flat with a
blade and thus imbrication of sediment grains was forced. As
the duration of experiments was short and the transport rates
were very low for S2001 compared to WC2003, the initial
bed surface had more influence on the measurements. The
sensitivity to the initial bed surface may explain the larger
reference Shields stress values for S2001 than for WC2003.

As LM2025’s and WC2003’s models do not define the ref-
erence shear stress using the same criterion (incipient mo-
tion versus reference transport), here are some differences
between the two that are worth noting:

1. WC2003’s model uses the reference transport criterion,
and thus all reference shear stress values relate to a sin-
gle transport function, as grain size does not appear in
Eq. (4). By contrast, LM2025’s model uses the incipient
motion criterion, and thus reference shear stress values
relate to as many transport functions as the number of
grain sizes, as grain size appears in Eq. (3).

2. The reference shear stress values obtained with the in-
cipient motion criterion (qs,i∗ = 10−4) are lower and
higher for the fine and coarse grain sizes, respectively,
compared to the ones obtained with the reference trans-
port criterion (Wi∗ = 0.002).

3. LM2022’s model and its adjusted version LM2025 pre-
sented in this paper do not provide a link between ex-
cess of shear stress and transport rate as direct as the
similarity collapse used to establish WC2003. However,
LM2022’s and LM2025’s model include a more de-
tailed description of processes driving sediment trans-
port, as they are physics-based. Also, LM2022 is (i) a
non-steady-state model and (ii) describes the full range
of sediment transport from bed load to suspended load.
It can resolve transient behaviours or bed load and sus-
pended load that WC2003 alone – a steady-state multi-
grain-size bed load model – cannot. In the end, while
being not as parsimonious as WC2003, it has a broader
scope of application.

4. LM2025’s model does not directly account for the ef-
fect of sand on gravel transport. However, it includes

the effects of sorting, which is another way to look at
the ratio of fine to coarse sizes and thus pore filling. In
addition to the statistical significance of sorting com-
pared to sand fraction, LM2025’s model does not aim
only at sand and gravel mixtures but also at wider grain
size distributions, and thus sorting instead of sand frac-
tion seems more appropriate to broader applications.

5.2 Bridging the gap between the reference shear
stress of single- and multiple-grain-size transport

Based on our new formalism (Eq. 22), the reference Shields
stress of median size tends towards 0.06 for nearly uniform
grain size mixtures (σg ≈ 1). The reference Shields stress
values determined with the method presented in Fig. 1 for
single-size datasets used in this paper range from about 0.01
to 0.1. A reference Shields stress of 0.06 is consistent with
values obtained for gravel for the dataset of Shvidchenko
and Pender (2000b, a). Thus, our new formalism bridges the
gap between the reference shear stress of single-size gravel
and multiple-size sediments. However, it overestimates by up
to a factor of 6 the values reported for medium and coarse
sand for the dataset of Lajeunesse et al. (2010) and under-
estimates by a factor of 2 the values reported for fine sand
for the dataset of Engelund and Hansen (1967). Express-
ing the reference Shields stress of median size as a function
of the sand fraction as in Wilcock and Crowe (2003), i.e.
θr,50 = 0.049exp(−0.97Fsand) (R2

= 0.30), could improve
its suitability for single-size sediments because it tends to-
wards 0.018 for sand mixtures. However, this formulation
was not as statistically significant as the grain size sorting,
so further investigations are required to explore this option.

Some studies have pointed out the potential role of the
slope dependency on incipient motion (Lamb et al., 2008;
Recking, 2008; Shvidchenko and Pender, 2000a) and found
that the reference shear stress increases with the channel-bed
slope due to a concomitant decrease in the water depth to
grain size ratio, i.e. relative depth. This trend stems from
grains that occupy a large portion of the water column and,
in turn, have a larger resistance to the flow (Ferguson, 2007,
2012).

More sediment mixtures should be tested to find out how
the reference shear stress of the median size varies when the
median size becomes finer (finer than gravel), when the grain
size sorting is higher, and for a wider range of channel-bed
slopes. The dependence of the hiding function on the relative
depth and the properties of the grain size distribution should
also be investigated.

5.3 LM2022 model adjustment

Our results show that standardizing the reference shear stress
for incipient motion has a positive impact on transport rate
predictions, especially after re-calibration of the entrainment
factor. Our study supports the fact that the original ingredi-
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ents of LM2022’s model hold because it is able to predict the
magnitude and scaling of transport rates when the reference
shear stress is properly standardized.

As suggested in Le Minor et al. (2022), our results show
that a key adjustment of LM2022’s model is the addition of
the bed roughness length as the minimum transport height
(Eq. 19). We assume that the bed roughness length is a hy-
draulic boundary that has meaning for single- and multiple-
size sediment transport, i.e. negligible transport below, and
all the entrained grains leave the bed from this height, what-
ever their size. This is important because it impacts the calcu-
lation within LM2022 of the mean flow velocity experienced
by a grain.

Assumptions made in parameterization have effects that
propagate through our model and are ultimately accounted
for in the entrainment coefficient, which is the only pa-
rameter that needs calibration against observations. Two as-
sumptions made on the transport velocity (Eq. 13) may lead
to overestimation/underestimation of the entrainment coeffi-
cient: the law of the wall that differs from the observed lin-
ear velocity profile in gravel beds (Vollmer and Kleinhans,
2007) and the saltation layer thickness that is not included in
the bed roughness (Kleinhans et al., 2017). As for the adjust-
ment made on the transport height (Eq. 19), it may be neces-
sitated by model assumptions such as the ones made on the
transport velocity or the fact that the effect of grain arrange-
ment (three-dimensional structure) at the bed surface on the
reference shear stress is not included in the hiding function,
although studies report on its significant effect (Kirchner et
al., 1990; Vollmer and Kleinhans, 2007).

Here, we explore how LM2022’s improvements impact the
predictions for suspended and total load, using the dataset
by Engelund and Hansen (1967). The comparison between
the performance of LM2022’s model and our adjusted model
shows that the modifications presented in this study improve
total load predictions as well (Fig. 8). As discussed in Le
Minor et al. (2022), bed forms likely affect the bed rough-
ness, which is a model input for the transport height and
transport velocity and consequently may impact the transport
rate predictions. To account for bed forms, as in LM2022’s
model, we used the equation of Nielsen (1992) to calcu-
late the bed roughness for the experiments of Engelund and
Hansen (1967), Shvidchenko and Pender (2000a), and Shvid-
chenko et al. (2001), where bed form development was iden-
tified on the bed. Only averaged bed form dimensions have
been reported for the first two studies, while for the latter,
they were lacking for some runs. Considering no bed forms
in the case of Engelund and Hansen (1967), i.e. a bed rough-
ness of 3d90/30, reduces residual scattering and improves
transport rate predictions for the total sediment load (Fig. 8).
It is likely that better knowledge of the bed roughness would
increase model performance, although this parameter is dif-
ficult to measure due to its spatiotemporal variations. Near-
bed turbulence may also drop due to sediment-induced den-
sity stratification, and thus the entrainment rate is reduced

(Winterwerp, 2001; Wright and Parker, 2004). Large density
effects (van Maren et al., 2009; van Rijn, 2007) may be of
relevance when looking at catastrophic sediment release and
overloading of rivers.

5.4 Potential parameters that could improve the model

Despite significant improvements in model predictions, the
multiple-size transport rates measured by Shvidchenko et
al. (2001) are slightly overestimated compared to the ones
of Wilcock and Crowe (2003), suggesting that second-order
physical processes are not considered. Here, we explore
some of these by examining the effect of the Froude number,
the relative depth (ratio between the grain size or the water
depth) or the relative roughness (ratio between a character-
istic length scale of the bed surface and the grain size), the
particle Reynolds number, and the fraction of mobile sedi-
ment.

Vanoni (1974) found that the strong correlation of the en-
trainment coefficient with the Froude number is due to the
definition of the Froude number, which includes the depth-
averaged flow velocity and the water depth, two key determi-
nants of sediment concentration in the bed load layer. Thus,
the Froude number, which represents turbulent flow proper-
ties (Cheng et al., 2020), indirectly characterizes sediment
transport and grain mobility. For a low relative depth and
thus a high friction coefficient, near-bed turbulence is re-
duced, and consequently sediment transport rates are lowered
(Lamb et al., 2017b). For Froude numbers of 1 or above, sur-
face waves cause turbulence that reaches the sediment bed
and increases sediment mobility and, thus, entrainment. Fur-
thermore, the relative roughness characterizes the grain pro-
trusion through the bed surface. The bed roughness affects
the flow features and the near-bed turbulence intensity due to
grains that protrude through the bed (Vollmer and Kleinhans,
2007).

Tables S2 and S3 in the Supplement explore the effect
of including these factors individually or combined in the
entrainment factor and the corresponding model prediction
quality for single- and multiple-size datasets. However, we
found no clear evidence that the entrainment factor varies
with dimensionless parameters such as the Froude number,
the relative roughness, or the Reynolds number. The fact that
we do not find a strong correlation between these parameters
and the entrainment factor may stem from the concomitance
of their effects or simply the considerable dispersion in the
data, which may mask weak trends.

For multiple-size sediments, Yager et al. (2007) suggested
considering the limited availability of mobile sediment. To
determine the effect of sediment availability on bed load
transport in steep boulder bed channels where gravel grains
are mobile, contrary to boulders that rarely are, they carried
out flume experiments with sediment beds consisting of mo-
bile natural gravel grains and spheres mimicking immobile
boulders. They showed that the less mobile the bed surface
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Figure 8. Effects of standardized incipient motion and adjusted transport height on predictions of total load transport rates at equilibrium for
Engelund and Hansen (1967). (a–b) Predictions with the same critical shear stress values as those of Le Minor et al. (2022) and the original
parameterization of LM2022’s model (α = 19.71). (c–d) Predictions with LM2022’s model adjusted with the bed roughness length as the
reference height across all grain sizes, a bed roughness of 3d90/30 (no bed forms), and the standardized reference shear stress values after
re-calibration (α = 2.51). The ratio of model predictions to flume observations is plotted against the dimensionless excess of shear stress
(Shields stress) along with the probability density function (PDF) of the residuals. For the PDF, the dashed line corresponds to predictions
with the original LM2022 model. The solid line in (d) corresponds to predictions with the adjusted model. The dark- and light-grey areas
correspond to measured values that are predicted within a factor of 5 and 10, respectively.

is, the lower the quantity of sediment available for transport,
hindering the mobility of the mobile grains. Several stud-
ies have considered partial transport, i.e. a partially mobile
bed surface (Kleinhans et al., 2017; Wilcock and McArdell,
1993; Yager et al., 2007). This phenomenon has been ac-
counted for using a hindering factor in transport laws (e.g.
Kleinhans and van Rijn, 2002). However, to our knowledge,
none of the published entrainment relations demonstrate a
dependency on the immobile fraction at the bed surface in
the context of sediment mixtures. While not explicitly con-
sidered in existing entrainment relations, existing research at-
tempts to unravel the potential importance of the immobile
fraction by looking at shear stress partitioning (e.g. Gilbert
and Wilcox, 2024; Nativ et al., 2022).

We tested the effect of an adjusted entrainment factor that
varies with the mobile fraction on the bed surface rather
than being constant. The mobile fraction was calculated as
the sum of surface fractions of mobile grain sizes, i.e. refer-
ence shear stress exceeded. Surface fractions of grain size,
regardless of their reference shear stress, were included in
the mobile fraction if they had a non-zero measured trans-
port rate. We forced the entrainment factor to be equal to the
one calibrated using the single-size data and the multiple-size
data when the bed surface was fully mobile, which resulted
in an empirically fitted entrainment factor α = 2.51F 2.24

mobile =

2.51(1−Fimmobile)2.24. However, the low correlation coef-
ficient (R2

= 0.07), which may be due to the data disper-
sion, does not allow us to draw any conclusion about the role
played by the mobile surface fraction in the entrainment rate.

Another important aspect to consider is the dispersion of
the sediment transport data, especially for mixed-size sedi-
ment, which makes finding strong correlations challenging.

More data are needed to better calibrate the model and to
identify the contribution of experimental conditions on the
entrainment factor (especially for grain size sorting above 4).
As the multiple-size sediment data used in this study either
are entirely bed load or include low-flying suspended sand
(Wilcock et al., 2001), we tested our adjusted model for sus-
pended and total load transport against single-size sediment
data only, i.e. Engelund and Hansen’s dataset (1967). Thus, a
next step could be testing our model against more robust sus-
pended transport of multiple-size sediment. There also could
be additional physical complexity such as grain protrusion
through the bed surface (Dey and Ali, 2019; Dwivedi et al.,
2011; Lamb et al., 2017a; Lee and Balachandar, 2017; Papan-
icolaou et al., 2002; Xie et al., 2023), grain packing density
in the bed (Cheng and Chiew, 1998; Lamb et al., 2017a), and
grain shape (Schmeeckle et al., 2007), but our current ob-
jective is to have a parsimonious model capturing first-order
phenomena, which we believe is the case.

6 Conclusions

We explored several improvements to the model by Le Minor
et al. (2022). First, we introduce a new formalism for the ref-
erence shear stress of multiple-size sediments that success-
fully combines the approaches of Shvidchenko et al. (2001)
and Wilcock and Crowe (2003). With a model formulation
of intermediate complexity, the reference shear stress model
applies to a large range of sediment mixtures and contributes
to a significant improvement of LM2022’s model when ap-
plied to both single- and multiple-size datasets. Another im-
portant improvement is the definition of a reference trans-
port length set by the bed roughness length. When accounting

Earth Surf. Dynam., 13, 1229–1248, 2025 https://doi.org/10.5194/esurf-13-1229-2025



M. Le Minor et al.: Improving a multi-grain-size total sediment load model 1245

for these two factors, and by adjusting the mobility factor of
the model (α = 2.51± 28.92), LM2022 provides greatly im-
proved model predictions for both single- and multiple-grain
size transport in the bed load regime and for single-grain-size
suspended load. Further testing of the model is limited by the
availability of flume or field data suitable to test it beyond
the range of grain sizes, slope, and transport stages explored
here.

To ensure the quality of predictions with this model, we
recommended the use of

– a reference shear stress determined with the incipient
motion criterion and a reference value of 10−4;

– the transport height adjusted with the bed roughness as
the reference height across all sizes (Eq. 19);

– the simplified version of the transport velocity be-
cause it does not degrade the transport rate predictions
(Eq. 13).

Seeking a transport model that is as universal as possible
while remaining relatively parsimonious is a matter of com-
promise. While additional model complexity could certainly
be brought into the model to account for effects of partially
mobile bed or bed form developments, we consider that, at
this stage of development, the model is already usable to ex-
plore sediment transport and the resulting morphodynamics
of rivers under a wide range of hydraulic forcing, median
grain sizes, and grain size heterogeneity. In particular, using
it in a fully coupled morphodynamics model to compare with
flume experiments studying grain size sorting will provide
another range of tests to evaluate its performance.
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