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Abstract. The long profile of rivers is widely considered as a recorded of tectonic uplift rate. Knickpoints form in response
to rate changes and faster rates produce steeper channel segments. However, when the exponent relating fluvial incision to
river slope, n, is not unity, the links between tectonic rates and channel profile are complicated by channel dynamics that
consume and form river segments. Here, we explore non-linear cases leading to channel segment consumption and develop a
Lagrangian analytic model for knickpoint migration. We derive a criterion for knickpoint preservation and merging, and
develop a forward analytic model that resolves knickpoint and long profile evolution before and after knickpoint merging.
We further propose a linear inverse scheme to infer tectonic history from river profiles when all knickpoints are preserved.
Our description provides a new framework to explore the links between tectonic uplift rates and river profile evolution when
n is not unity.

1 Introduction

Bedrock rivers that incise into tectonically active highlands are sensitive to changes in the tectonic conditions (Whipple and
Tucker, 1999; Kirby et al., 2003). Upon a change in the rock uplift rate with respect to a base level, the river steepness
changes (Wobus et al., 2006; Kirby and Whipple, 2001; Whipple and Tucker, 2002), which in turn, changes the local
incision rate. Particularly, an increase in uplift rate generates steeper slopes that facilitate faster incision, overall promoting
incision—uplift equilibrium. However, equilibration is not achieved synchronously across the river long profile. Upon a
tectonic change, a knickpoint forms that divides the profile to reaches with different steepness and erosion rates
(Rosenbloom and Anderson, 1994; Berlin and Anderson, 2007; Oskin and Burbank, 2007). Below the knickpoint, the
steepness and erosion rate have already been shaped by the new tectonic conditions, while above the knickpoint, river

steepness and erosion rate correspond to the previous conditions (Niemann et al., 2001; Kirby and Whipple, 2012). The
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erosion rate gradient across the knickpoint promotes knickpoint migration upstream, gradually changing the proportion of
the channel that is equilibrated to the new tectonic conditions. Therefore, knickpoints are viewed as moving boundaries that
separate channel reaches recording different portions of the tectonic history (e.g., Pritchard et al., 2009; Whittaker and
Boulton, 2012).

Since the links between tectonic history and river shape are mediates by fluvial incision, resolving these links requires a
fluvial incision theory. The Stream-Power Incision Model (SPIM) is a leading theory that is widely used to describe
detachment-limited vertical incision into channel bedrock, over long-timescales (commonly beyond millennials) and large
length scales (Howard and Kerby, 1989; Snyder et al., 2000; Lague, 2014; Venditti et al., 2019). The SPIM represents the
rate of bedrock incision, E (L/T) as a power-law function of channel slope (S=0z/0x, L/L) and upstream drainage area (A, L?),

which is used as a proxy for both discharge and channel width (Howard and Kerby, 1989):
E(et) = Kaco™ [52]" ®

where x (L) denotes a spatial coordinate along the channel and t (T) is time. The channel erodibility, K (L¥2"/T), primarily
depends on the bedrock lithology, and the effective rate of precipitation (Whipple and Tucker, 1999; Snyder et al., 2000).
The positive exponents, m and n, control the sensitivity of incision rate to the drainage area and slope, respectively.
Assigning equation (1) in a topography conservation equation gives rise to a partial differential equation describing the time-

space evolution of the fluvial channel long profile:

0z(t,x) _ az(t,x)1"

T = U(t, X) — KA™ [T] , (2)
where U (L/T) is the rate of tectonic uplift. Notably, the formulation of equation (2) represents many simplifications of the
processes of river bedrock incision. For example, it does not explicitly account for incision thresholds, discharge variability,
sediment flux incision sensitivity, and dynamic changes in channel width (Lave and Avouac, 2001; Whipple and Tucker,
2002; Duvall et al., 2004; Lague et al., 2005; Dibiase et al., 2010). However, Gasparini and Brandon (2011) argued that

many of these processes could still be approximated by modifying the exponents, m and n.

Equation (2) is a non-linear advection equation for the elevation, where U acts as a forcing term. Consequently, equation (2)
predicts the first-order dynamics of bedrock rivers, whereby knickpoints form in response to tectonic changes and migrate
upstream. The relative simplicity of equation (2) presents a unique opportunity for an analytic exploring of channel dynamics
in response to changing tectonic and environmental conditions. Particularly, when the analytic solution is sufficiently simple,
its representation can be used as part of forward models that predict topographic evolution (e.g., Steer, 2021), and inverse
models that infers the tectonic history from observations river long profiles (Fox et al., 2015; Rudge et al., 2015; Gallen and
Fernandez-Blanco, 2021; Goren et al., 2021).
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Previous, general analytic exploration of equation (2) (e.g., Luke, 1972; Weissel and Seidl, 1998; Prichard et al., 2009;
Royden and Perron, 2013) have identified that upon a tectonic change that induces a long-profile steepness change, portions
of the solution, representing the river profile, could form that are not strictly associated with the tectonic change, and,
portions of the solution that hold tectonic information may be lost. More specifically, when U increases and n < 1 or U
decreases and n > 1, ‘stretched zone’ along a river long profile form that are not associated with any particular tectonic
input (Royden and Perron, 2013). When U increases and n > 1 or U decreases and n < 1, some portions of the channel
reach are consumed at knickpoints (Royden and Perron, 2013). Unlike the non-linear cases, when n = 1, stretched and
consumed channel reaches do not occur, and there is a 1-to-1 mapping between the tectonic uplift history and the river long
profile. For this reason, so far, only analytic solutions that assume slope-incision linearity (n = 1) were applied as part of
forward (Steer, 2021) and inverse models (for a recent review see, Goren et al., 2021) of tectonically forced fluvial landscape

evolution.

However, while some field studies support the linearity assumption (e.g., Wobus et al. 2006, Ferrier et al. 2013;
Schwanghart and Scherler 2020), a growing body of work show that n could be different than unity (Whipple et al., 2000;
Harkins et al., 2007; Lague, 2014; Harel et al., 2016). Particularly, significant incision thresholds and relatively small
discharge variability are expected to lead to n > 1 (Anthony and Granger, 2007; Ouimet et al., 2009; Dibiase et al., 2011;
Lague, 2014). The current study addresses this gap by developing a simple analytic description of the evolution of channel
long profile for the cases where channel reaches may be consumed, namely, U(t) is a staircase decreasing functionand n < 1,
or U(t) is a staircase increasing function and n > 1. The latter scenario is particularly applicable for tectonically active and
rejuvenated landscapes. Unlike previous analytic explorations (e.g., Luke, 1972; Weissel and Seidl, 1998; Royden and
Perron, 2013) that solved for the long profile as a whole, the current analysis focuses on knickpoint kinematics in a
Lagrangian perspective that follows the knickpoint along their migration path. With this approach we develop a criterion for
knickpoint preservation and merging, a simple and easy implement forward analytic model, and a linear inverse model
constrained by knickpoint preservation. The current study focuses on the analytic derivations and their implications,

intentionally leaving field applications to future studies.

2 Theoretical background

The SPIM model, equation (1) predicts that for channel segments that erode at the uniform rate (in space and time), the

channel slope scales as a power-law function of the drainage area (Wobus et al., 2006; Cyr et al., 2010):

% — a7, (3)

ax

where 8 = m/n and kg = (E/K)Y/™ (L>™") are commonly referred to as the channel concavity and steepness indices,

respectively (Wobus et al., 2006). An alternative perspective to equation (3) emerges when integrating it along the channel,



90

95

100

105

110

https://doi.org/10.5194/esurf-2021-101 Earth Surface
Preprint. Discussion started: 21 December 2021 Dynamics
(© Author(s) 2021. CC BY 4.0 License.

Discussions

while assuming constant E/K. Following such an integration, a linear relation emerges between the elevation, z, and the
parameter y (L) (Perron and Royden, 2013):

2(0) = 2 + ()" XG0, (4)
X0 = [, oo™ dx, (5)

where z, is the base-level elevation, and the factor Ao (L?) is introduced to maintain the y dimensions to length. The
parameter y depends only on the drainage area distribution along the channel, which can easily be calculated for any m/n as
part of basic morphometric analysis (Perron and Royden, 2013). When setting 4, = 1 L?, the slope of the -z plot becomes

channel steepness index, ks.

Under steady-state conditions, when dz/dt = 0 and E = U, the SPIM steepness index becomes a function of the tectonic

uplift rate:
ks = (U/K)V™, (6)

When U varies in time, equation (6) can be used to express transient conditions, where a channel segment is eroding at a rate
that corresponds to some previous uplift rate, U, (Niemann et al., 2001; Goren et al., 2014). In this case, its steepness index

could be expressed as:

ks,p = (UP/K)I/nv (7

3 Slope-break knickpoint migration

A slope-break knickpoint occurs when there is an abrupt change in the slope and steepness index along a channel long
profile (Haviv et al., 2010). Within the scope of the SPIM, slope-break knickpoints are commonly associated with a step
change in the tectonic uplift rate. When the rate increases, the slope and steepness index below the knickpoint are greater,
and the slope-break is convex upward. When the rate decreases, the slope and steepness index below the knickpoint are
smaller, and the slope-break would appear as a concave kink along the overall concave channel profile. In this latter case,
alluviation might occur below the knickpoint and the assumption of detachment-limited conditions might be violated. This
behaviour is beyond the scope of the current analysis. Also outside of the scope of the current study, are the cases of ‘stretch

zones’ (U increases and n < 1, and, U decreases and n > 1) (Royden and Perron, 2013).

To predict the retreat rate of slope-break knickpoints, we develop a model based on long profile linearization in the
proximity of the knickpoint as shown in Figure 1.
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Figure 1a shows the predicted channel profile evolution following a step increase in the rock uplift rate from Up to U; and
n > 1. The figure emphasizes that below and above the knickpoint, the channel segments erode at rates that correspond to
the new (Uz) and old (Uo) uplift rates, respectively, and their corresponding steepness indices are k, ; = (U;/K)*/™ and
ks o = (Uy/K)Y™. Figure 1b shows the linearized channel segments near the knickpoint. The river profile varies from z to
Zw+ar during time step dt, accompanied by the knickpoint migrating from point A to D. Segment DG represents the vertical

change in knickpoint location, and it can be expressed as:

DG = Zeyae (6 + %) = Zpyqe(0) = (52)y - vy - dt, @®)
where vy is the horizontal velocity for the knickpoint retreat (hereafter, knickpoint celerity). Figure 1b shows that:

DG = DB + BG, 9)
Where DB is a function of the difference between present uplift rate (U1) and previous river incision rate, Uo:

DB = (U, — Uy) - dt, (10)
The segment BG is the elevation difference between points A and B:

BG = (59)o - vy - dt, (11)

Combining equations (8-11), we solve for the knickpoint celerity:
(Ug=Uj)
VH = 7z oz
),-G2,

which resembles the derivation of Whipple and Tucker (1999). Assigning equations (1, 6-7) into (12), vy can be re-written as:

(12)

v — K(kg_l_k;l_o) Am/n — kg'_l(l_Y(‘;l_l) KAm/n — k;ljl(l—l’(?_ﬂ KAm/n (13)
H (ks_1=ks o) ks 1(1=v0_1) (1-vo_1) '

where yq 1 = ks o/ks 1. Accordingly, the fluvial response time, z(x,) is expressed as:

—_ (X 4. _ *pksa(l-vo1) _ 1 _ksa1(-vo1) 1 |
wx) =, vy dx = J kg q(1-ygy) KA/ dx = kL1 (-v8 D) kap/™ A(%p), (14)

The response time is the time for a perturbation, e.g., a knickpoint, to propagate from the river outlet (x = 0) to its present
location x,. Alternatively, 7(xy), can also be thought of as the knickpoint age (Gallen and Wegmann, 2017), or the time before

the present when the knickpoint formed at the river outlet.

Importantly, equations (8-14) are developed for the migration of a single knickpoint based on a Lagrangian perspective, i.e.,
in the reference frame of the migrating knickpoint. Accordingly, equations (13-14) predict that knickpoint celerity and
response time depend only on the steepness indices immediately above and below the knickpoint and are independent of the

steepness indices at lower reaches below lower, newer knickpoints. This means that as long as knickpoints are not merging,

5



145

150

155

160

165

https://doi.org/10.5194/esurf-2021-101 Earth Surface
Preprint. Discussion started: 21 December 2021 Dynamics
(© Author(s) 2021. CC BY 4.0 License.

Discussions

as discussed in the following section, knickpoints celerity and response time are not affected by later changes in the tectonic

uplift rate and channel steepness.

Equations (13-14) reveal that knickpoint dynamics depends on both the slope exponent, n, and the steepness ratios, y.
Notably, although the derivations in this section are based on convex-up knickpoint (increasing U and n > 1), equations (12-
14) are valid also for concave knickpoints (decreasing U and n < 1, see details in supplementary Text S1). Forn = 1, vy
and z(xp) are independent of the steepness indices and their ratio. Supplementary Text S2 compares the current derivation to
previous models of knickpoint celerity (Rosenbloom and Anderson, 1994; Weissel and Seidl, 1998; Oskin and Burbank,
2007; Castillo et al., 2017).

4 Knickpoint preservation and merging

When more than a single knickpoint propagates upstream a channel profile and n # 1, the sensitivity of knickpoint celerity
to ks and y leads to potentially complex interactions between the knickpoints. Considering the case of n > 1 and two
knickpoints that formed by two step-increase in tectonic uplift rate: kp,; formed when Up changed to U; and kp, formed
when U; changed to U, (U, > U; > U,), then the celerity of knickpoint kp, is larger than that of kp,, and the distance
between them gradually decreases (see detailed demonstration in Appendix A). Consequently, depending on the knickpoints
relative celerity and the channel length, kp, can eventually reach kp,, and the two knickpoints merge (referred to as
consuming knickpoint in Royden and Perron, 2013). To elucidate knickpoint merging dynamics, we derive an expression for
the time of knickpoint merging. Assuming that kp, formed at time ¢t = 0 and that kp, formed at time ¢t = T;, equation (14) is
used to express the y values of the two knickpoints at any time T, > T; as:

_ k& 2(1-v1'2) kg 1(1-Y5 1)
x(kpy) = T,K s 2(1=712)’ and y(kp;) = (T, + TI)K—(l o) (15)

where y; , = ks 1/ks 5. Knickpoints merging occur at time T, ., when x(kp,;) = x(kp,). The ratio T, ,,/T; is expressed as:

_ r2(-vea) [, (1-v1e) _ vita(1-¥0a)
Tom/ T =y S 5 0 o) " risGren)” (16)

Equation (16) predicts that the timing of knickpoint merging depends on the ratios of channel steepness indices but not on
steepness indices themselves. We present a detailed description of the relationship between T, ,/T; , slope exponent, and

the steepness ratios (Figure 2 and 3).

Figure 2 shows the results for convex-up consuming knickpoints (n > 1 and increasing U). When y;_» = yo 1, the ratio T, n/T1
decreases with n (Figure S2a). This means that a higher slope exponent reduces the life expectancy of knickpoints. Figure 2a
also shows that for a constant n, lower steepness indices ratio leads to lower T, w/T1. To explore the dependency of T2 w/T1

on vy 2 and yo_1, we fix n = 2 and vary each of the steepness ratios independently (Figure 2b-c). Comparing figures 2b and 2c,
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it is found that T, /T is more sensitive to y1 » than to yo 1, indicating that the celerity of the younger knickpoint has a

greater control over the timing of knickpoint merging.

For the case of concave-up consuming knickpoints (n < 1 and decreasing U), figure 3a shows that the ratio T, n/T1 (when
Y12 = yo_1) increases with increasing n, and for a constant n, a higher steepness ratio leads to a higher T, w/T1 ratio. This
means that a lower uplift rate, U, (with a lower steepness index below knickpoint kpy) leads to a shorter time to knickpoint
merging T2 m. In Figures 3b-c, n is fixed at 0.5, and the steepness ratios change. Here as well, an inverse dependency is
observed with respect to the convex slope-break knickpoints, showing that T, m/T1 is more sensitive to yo 1 than to yi
indicating that the preservation time of kps is more sensitive to its own celerity than to that of the younger knickpoint.

We note that when n =1, y(kp,) > x(kp,) always holds, indicating that within the framework of the linear SPIM,

knickpoints are always preserved and merging cannot occur.

Upon knickpoint merging, only a single knickpoint propagates along the channel, and the steepness indices above and below
the knickpoint correspond to ks o and ks », respectively. Based on equation (13), the instantaneous merged knickpoint celerity
becomes:

kg 2(1-¥5'2)
UH_after_merger — ﬁ KA(x )m/n (17)

where y , = ks o/ks ,. The channel reach that used to stretch between the two knickpoints is fully consumed, and the
channel profile holds no record of U:. Consequently, evaluating the merged knickpoint age by using equation (14) and the
steepness indices above and below the merged knickpoint does not yield a meaningful answer. The reason is that upon
merging, the steepness indices above and below the merged knickpoint change. Critically, the channel profile does not hold
any clue for the event of knickpoint merging, and the river profile would be indistinguishable from a case of a single step

increase in uplift rate from U to U,.

5 A forward analytic model for knickpoint and channel long profile evolution

The elevation change of slope-break knickpoint, z(t, x) = z[t,x = xp(t)], formed by a step-increase in uplift rate from Ug

to Uy, can be expressed as:

dz _ 0z  0zdx

a ot oxar (18)
where ”( ) = = vy is the knickpoint celerity. Combining equations (2), (13) and (18) yields:

dz(txp() _ _ ogam - kg1 (1-v84) _ _ a-v8y)

FE2E = U(e) - KA™ (kg 44 ) kg ATn 1)KA = U = U+ Uy (19)

Integrating equation (19) to solve for the knickpoint elevation leads to:

7
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(20)

As long as knickpoints do not merge, the second and third terms of the integrand in equation (20) are time invariant, and the

elevation of the knickpoint could be more simply expressed as:

z(t,xp(t)) fU(t’)dt + Elﬂ—l] U, - t,

(1)

Equation (21) predicts the elevation of knickpoints for all values of n, as the sum of the time integral over the uplift rate

history and a time independent term that depends on the steepness indices ratio. When n = 1, equation (21) reduces to

become a function of the uplift history only (Goren et al. 2014), z(t, x, (t)) = fot Ut dt'.

Next, we combine equation (21), which is conditioned by knickpoint preservation, with equation (16) that predicts the

duration of preservation to generate a piecewise solution for knickpoint elevation beyond merging. We consider the case of

two knickpoints, kpi and kp2, generated by two step-increase of U, > U; > Uy, and n > 1. The time of merging, T2 m, is

constrained by equation (16). For any t < T, ,,, + Ty, the elevations of kp; and kp: is predicted by equation (21), when

assigning the knickpoint ages, t = r(xp), which corresponds to the time since the change in U(t) that generated the

knickpoint. Upon merging, when t > T, ,, + Ty, the elevation of the merged knickpoint, z., 1,, with respect to the formation

time of kps (t = 0) can be expressed as:

Zxp 12 = 41 (Tz,m + T1) + Z13 OT Zgp 12 = 23 (Tom + Ty) + 242,

( Zl (t = TZ_m —|— Tl’xpl) — J'OTZ_m+T1 U(t!) dt! _I_ I:(l—ygl,l) _ 1] . U1 . (TZ m + Tl)

( —
Whel’e ! Zy (t = T27m + Tl’ xpz) = IT27m+T1 U(t,) dt, + I:SLZ) - 1] UZ (Tz m) y
Lzlz(t >Tym+ T xp,,) = quzi LU@)at + [(1 72) 1] Uy (t = (Tom +T0))

Before merging, the horizontal position of the knickpoints can be expressed as the inverse of equation (14):

- k&1 (1-v( 1)
t 1 [KA’"/" posartor)
xp( )=x ks 1(1-vo 1]’

where again, t = r(xp), is the knickpoint age. After merging, fort > T, , + Ty

m
_ a-riy) @ Ke2(776 )
t) = 1{[KAm/nT sZ 12] [KAn t—T —T ujl},
xp( ) = R ED 0 ( 2m 1) ks 2(1-vo_2)

(22)

(23)

(24)

(29)

While equations (22-25) present a simple case of two merging knickpoints, it IS possible to use equation (16) to calculate the

timing and order of several knickpoint merging, including the merger of already merged knickpoints, and to develop a

tailored piece-wise analytic solution for their elevation.
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When deriving an analytic solution for the channel long profile as a function of time, equations (21-23) are used for
knickpoint elevation, equations (24-25) are used for the knickpoint x-positions, and equation (14) is used for the knickpoint
x values. The channel profile between knickpoints is represented in the x-z domain as a linear line connecting the
knickpoints. To illustrate long-profile and knickpoint time evolution before and after knickpoint merging and to demonstrate
the validity of the analytic forward model, Figure 4 shows the consistence between the analytic solution and a 1-D upwind
first-order finite-difference solver of equation (2), for a channel that experiences two step-increases in U.

6 An inverse model to estimate tectonic uplift rate history

Here, the analytic solution for knickpoint evolution is used to derive a linear inverse model for retrieving the tectonic uplift
history from river long profile. The inverse model relaxes the critical assumption of n = 1 that was a precondition for
previous linear inverse models (Goren et al. 2021) and allows inferring the uplift history for any value of n, under two
assumptions: First, if n > 1, U(t) is a monotonically increasing staircase function and if n < 1, U is decreasing. Second, all
the knickpoints are preserved within the time resolved by the model. The model is based on the block uplift assumption,
whereby a suite of basins and tributaries experience and respond to the same time-dependent tectonic history U(t). The

model infers the best fit U(t) based on the long profiles of the tributaries and basins.

Changes in U through time emerge as a series of knickpoints with elevations and y values, (z;,X1), (22, X2), - (Zq_l, Xq—l)'
which are duplicated across the tributaries and basins. The basin outlets are at (z, = 0,x, = 0) and the highest x channel
head is identified with (Zq,xq = Xmax)~ The knickpoints are used to divide the -z space into segments. Segment j, between
(Xj_l,x]-), is characterized by a uniform steepness index that shaped the river profile during time interval (tj_l, tj), where
time t; is the age of knickpoint j. Knickpoint ages can be constrained from equation (15), and the uplift rate responsible for

the formation of each knickpoint can be constrained based on the steepness index below the knickpoints by using equation

(7). Consequently, a full uplift history, with discrete step-increase can be derived.

A difficulty may arise because tj in equation (15) and Uj; in equation (8) depend on the erodibility, K, whose value is

commonly poorly constrained. Thus, following Goren et al. (2014), we present a K-independent version for the knickpoint

age and uplift rate. Scaling equations (15) and (8) by an erosion rate scale factor, KA;"/"M (L/T), a K-independent

ks_j(l_yj) '
scaled time and a non-dimensional uplift rate are defined:
kT -(1—yn)
tr=t,  KA™M . SA ) 26
] J 0 kS,j(l_y]') X] ( )
Uj* — Aam/nks_]' — Aam/n . (UJ/K)l/n, (27)
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Equations (26-27) produce a non-dimensional uplift rate history, (U}, t;), without any prior information on K, as long as it is

spatially uniform.

We propose the following steps for the application of the inverse model. First, the data of basins and tributaries is considered
in the x-z domain, where it is divided into q segments along the y space, x; j = 0,1,2,...q). The division points are
considered to be slope-break knickpoints that formed in response to a step-increase in uplift rate. The scaled age of the
knickpoints is solved based on equation (26) as tj = ;. Second, linear regression is applied in the y-z domain,
independently for each segment. The slope of the regression is identified as ks ;, from which U;" can be derived based on
equation (27). Third, conversion from (U;, ;') to a dimensional history (U;, t;) by solving equations (26-27), after K and n

are independently constrained (e.g. Dibiase et al., 2010; Ma et al., 2020).

The first step of dividing the ¥-z domain into segments calls for some consideration. First, calculating the y value requires
calibrating for the concavity, m/n. We propose a tributary and basin collapse approach (e.g., Perron and Royden, 2013;
Goren et al., 2014; Shelef et al., 2018) or the disorder approach (e.g., Hergartena et al., 2016; Gaillton et al., 2021) that finds
the m/n that minimizes the scatter in the x-z domain. Second, segment division should ideally be based on division points
that represent true slope-break knickpoints. Many algorithms have been previously proposed to identify slope-break
knickpoints (e.g., Mudd et al., 2014). Here, we suggest a different approach that rely on the simplicity and efficiency of the
inverse model. The inversion procedure could be run many times, while choosing the division points randomly. Inversion
results could be evaluated by comparing the measured profiles and the profile predicted by our forward model. The quality
of the solution with a specific number and location of division points could be evaluated based on an optimization criterion,
such as a misfit. Here, we consider a misfit function that penalizes models with more knickpoints (more parameters) for their

excess complexity:

misfit = — /SN (z; — 2,)? (28)
- N/M i=1\41 [

where zj and Z, are the measured and predicted elevations at pixel i, respectively. N is the total number of data along the river

long profiles, and M = q is the number of division points, or the number of parameters.

To demonstrate the applicability of the inverse method, we use a low resolution numerical model (which suffers from
numerical diffusion) to generate ten river profiles with variable channel length and drainage area distribution. These rivers
respond to the same uplift rate history, with two step-increases in the rate forming two knickpoints in each profile.
Knickpoints do not merge over the timeframe of U(t) application (Figure 5a and b). To artificially increase the noise in the

data, the elevations are perturbed by random errors (equation 29):

Z,(perturbed) = z;_; + (z;41 — z;_1) * rand(1), (29)
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where rand(1) is a random number between 0 and 1. Inversion in applied to the data with 1-6 division points. For each
number of division points, 5000 realizations of the inversion model were performed with different random position of the
division points. Figure 5c shows the minimal misfit (equation 28) achieved for each number of division points, indicating
that the best fit solution has division points corresponding to the two knickpoints. Figure 5d compares between the applied

and inferred histories, showing that the 2 division points inversion correctly infers the applied history.

7 Discussion and conclusion

The current analysis explores river long profile evolution in response to temporal step-changes in the tectonic rock uplift rate
U(t) and a non-unity slope exponent, leading to consuming channel segments (Royden and Perron, 2013) and merging
knickpoints. The approach we adopt here, of resolving knickpoint kinematics in a Lagrangian frame of reference, allows us
to constrain the timing of knickpoint merging and the elevation of knickpoint before and after merging. The finding that
despite channel reach consumption, knickpoint celerity depends only on the channel steepness below and above the
knickpoint, allow us to develop a piece-wise analytic solution that represents the evolution of knickpoints and channel long

profile through time, before and after knickpoint merging.

Analytic solutions of long profile evolution can significantly expedite forward and inverse tectonic — fluvial landscape
evolution. However, so far, analytic solutions were used in such models only under linear assumption (Pritchard et al., 2009;
Fox et al. 2014; Goren et al., 2014, 2021; Rudge et al., 2015; Steer et al. 2021). The simple analytic derivation that we
present here can expand the domain of parameters for which analytic solutions are used in such models, by including new
geomorphic scenarios with n # 1 (with the restriction of increasing U(t) for n > 1 and decreasing U(t) for n < 1). For
example, inverse models that are based on Bayesian statistics (Fox et al., 2015; Gallen and Fern&ndez-Blanco, 2021), which
have gain recent popularity could become significantly more efficient and accurate when the forward model is represented

with an analytic solution.

The knickpoint merging analysis further emphasizes a critical property of the links between tectonic and long profile
evolution when n % 1. Each tectonic history is associated with a single, well-defined river profile at any given time.
However, any particular river profile could be generated by infinitely many tectonic histories. All histories except for one
lead to knickpoint merging dynamics. The linear inverse model that we develop here finds the single history for which all
knickpoint are preserved. While this inverse approach is highly restrictive, it finds the correct solution when only a single
knickpoint exists in the data. We further suggest that when a small number of knickpoint groups is identified in the data, the
solution of this simple inverse model could still be highly informative as a preliminary guess for the tectonic history that
shaped the fluvial landscape.
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Appendix A: A mathematical demonstration of knickpoint merging

In this section, we show that two knickpoints formed with n > 1 and step increases in U must eventually merge. The two
knickpoints are denoted by kp,, which was formed by an uplift rate increase from Ug to Us, and kp, formed by an increase

from U; to U, (U, > U; > U,). The celerity of the two knickpoints is expressed by equation (13):

kg1t 1=y ks2'(1-v1'2)
VH kp1 = w KA(kp,)™™, and vy yp2 = ﬁ KA(kp,)™™, (A1)

k§h -  kETT(-vey)

Since kp, is located below to kp,, A(kp,) is larger than A(kp,). Next, it is left to show that o) FEv. We
V12 —ro_1

define a variable:

f= ks',‘;l_(i—yé‘,o ké‘;l_(i—yﬁz) - L (1:y§1>/(1:y0_1>’ (A2)
(1-v0_1) (1-v1.2) Y12 (A=v12)/(A=v12)

Because n > 1, we can re-writen = a /8, where @ > > 1 and o and B are both integers. Thus,

f — 1 (1_(Y()1{1l?)a)/(1_(y()1{1l?)ﬁ) — Jfnume (AS)

V3P a-0Bymia-o Py Faeno’

where fume aNd f4eno are the numerator and denominator of f, respectively. We use the method of polynomial division:

1 1 1 — 1 1
1= 00" = A =1 DD+ + D+ 4+ 1)) (A1)
1 1 1 - 1 - 1 !
1= o) = A= 1D+ 0D 2+ 4+ D))

Assigning equation (A4) into f,ume, We can derive:

oo a7 a7 O M 2T O AR LY A ana €77 LA 7% At 11 © Slnana ey i 1 (A)

B O L N @ L St LN 7 @ LI E (i @ Lot SN AT O oD+t Dy 2w )P ’

Because (1, /)* 1P + () EF 4+ (TP <1414+ 1=a—B , and ()T 0P

0,01_/13)—3 >1+4+1+--+1=p, we can derive:

q;ﬁ + 1, (AG)

fnume < B

Again, we use polynomial division:

1-He = -nHHe + o2 + -+ 1H%)

, (A7)
1= = A= rEY@DP + Y2 4+ ()0

Assigning equation (A7) into fyene, We derived:
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0Byt By 2 gy (B0

( D D e
ey S

Gt B2y By
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)P = (A8)

G By i By B2 By By By 2tk VB By By 2 B

/DBy Pyp-2 s /o T 8 L T e S LR oL

1.2

O, fdeno = +1, (A9)

Because (1, ) + (1) 2+ o+ (PP > 1+ 14+ 1 =a— B, and (D + (P e+ ()0 <
1+1+--+1=p, wederived:

a-B

fdeno > T + 1, (AlO)

Assigning equations (A6 and A10) into (A3), we can derive:

e/ =1 e

Thus, vy 1p1 < Yy kp2s KP2 always migrates faster than kps, and given sufficient channel length the two knickpoints will

merge. The time of merging is given by equation (16).
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Figure 1: (a) Schematics of a channel profile evolution in response to an increase in the relative uplift rate from Uo to U1 (revised
from Goren et al., 2014). The blue solid line shows the steady-state channel under uplift rate Uo. The black solid and gray dashed
lines show the transient channel at time t and t+dt. The black dashed line shows the final steady-state channel under uplift rate Uo.
(b) Schematics of knickpoint retreat (revised from Wang et al., 2017). Points A and D are the knickpoint positions at time t and
t+dt. Evolution of the channel profile in the time step dt is shown as the transition from z: to z+dt .
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Figure 2: The duration of convex knickpoint preservation as a function of slope exponent n (a), y12 (b), and yo_1 (c). In (a),
steepness ratio is equal, y1_2 = yo_1. In (b) and (c), n=2. Assuming two knickpoints, kpi (upper) and kpz (lower), generated by two
step increases in tectonic uplift rates, T1 dates the time between the formation of kp: and the formation of kpz, and T>_m dates the
time from the emergence of kp2 to the its merging with kpa. y1_2 is the ratio of steepness indices above and below kpz, and yo_1 is the
ratio of steepness indices above and below kp:.
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Figure 3: The duration of concave knickpoint preservation as function of the slope exponent n (a), y1.2 (b), and yo_1 (c), under

decreasing U and n < 1. In (a), steepness ratio is equal, y1 2 = yo_1. In panels (b) and (c), n=0.5.
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Figure 4: Evolution of a river long profile, with drainage area set by Hack’s law, A = k, (L — x)*. Parameters (n, K, m, ka, and h)
and the applied uplift history are described in panel a. L, total river length, is 6km (colluvial-channel length is 1km). The analytic
(colored, solid) and numerical solutions (black, dashed) match in the x-z (a) and y-z (b) domains. Panel (c) depicts the river y-z

long profiles offset in elevation, demonstrating knickpoint merging dynamics.
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Figure 5: River profile inversion. (a-b) River profiles and x-z plots generated via numerical model, with river length ~12 to 21 km,
ka ~ 2 to 1.55, and h ~ 0.67 to 4.27. (c) Elevation misfit, equation 28, as a function of the number of division points. (d) The inverted
uplift history, based on 2 division points.
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